Galerkin finite element method for the approximation of a nonlinear integro-differential equation associated with the penetration of a magnetic field into a substance is studied. First type initial-boundary value problem is investigated. The convergence of the finite element scheme is proved. The rate of convergence is given too. The decay of the numerical solution is compared with the analytical results.
Introduction
The goal of this paper is a study of Galerkin finite element method for approximation of a nonlinear integro-differential equation arising in mathematical modeling of the process of a magnetic field penetrating into a substance. If the coefficient of thermal heat capacity and electroconductivity of the substance highly dependent on temperature, then the Maxwell's system [1] , that describe above-mentioned process, can be rewritten in the following form [2] : Note that (1.2) is complex, but special cases of such type models were investigated, see [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . The existence of global solutions for initial-boundary value problems of such models have been proven in [2] [3] [4] 10] by using the Galerkin and compactness methods [12, 13] . The asymptotic behavior of the solutions of (1.2) have been the subject of intensive research in recent years (see e.g. [10, [14] [15] [16] [17] [18] [19] [20] ). In [7] some generalization of equations of type (1.1) is proposed. There it was assumed that the temperature of the considered body is depending on time, but independent of the space coordinates. If the magnetic field again has the form W = (0, 0, u) and u = u(x, t), then the same process of penetration of the magnetic field into the material is modeled by the following integro-differential equation [7] The asymptotic behavior of solutions of the initial-boundary value problem for the Eq. (1.3) and the convergence of the finite difference approximation for the case a(r) = 1 + r were studied in [17] . The solvability and uniqueness of the solutions of (1.3) type model is studied in [10] . Note that in [17, [21] [22] [23] [24] difference schemes for (1.2), (1.3) type models were investigated. Difference schemes for one nonlinear parabolic integro-differential model similar to (1.2) were studied in [25] and [26] .
The purpose of this study is to develop a Galerkin finite element method to solve (1.3). The rest of the paper is organized as follows. In the next section the variational formulation of problem is given. In the third section finite element scheme for (1.3) is described and error estimate is proven. We close with a section on numerical implementation and present numerical results comparing with the theoretical ones.
Variational Formulation
Consider the following initial-boundary value problem: pðxÞqðxÞdx. To approximate the solution of (2.4), (2.5) we require that u lies in a finite-dimensional subspace S h of H for each t (see e.g. [27] ). The following property concerning approximability in S h can be readily verified for finite-element spaces (see e.g. [28] ).
Approximation Property
There is an integer r P 2 and numbers C 0 , C 1 independent of h such that for any v 2 H there exists a v
jÀ' kvk j ; for 0 6 ' 6 1; ' < j 6 r: ð2:6Þ
Approximate problem
The approximation u h 2 S h to u is defined by the following variational analog of (2.4), (2. Once a basis has been selected for S h , (2.7), (2.8) are equivalent to a set of N integro-differential equations, where N is dimension of S h . The solution of such a system will be discussed in Section 4.
Error estimates
In this section we shall estimate the error in the finite element approximation using the norm
Everywhere in the case r = 0 we will omitted the subscript.
Theorem. The error in the finite element approximation u h generated by (2.7), (2.8) satisfies the relation
; where ½u½ ¼
Here and below C and c i denote various constants independent of h.
Proof. Subtracting (2.7) from (2.4) with v h instead of v we obtain 
where
Therefore, left hand side of (3.3) can be rewritten as follows e; @e @t
Now consider the second term on the right of (3. 
Taking this into account in the right hand side of (3.3) we get
he; E t i þ hE x ; e x i þ hE x ; e x i
where 1 > 0 comes from Schwartz inequality. Now incorporate these estimates into (3.3) to have 1 2
Integrate with respect to t, we have
Note that the first, third and fourth terms on the left are nonnegative and can be dropped. We also use Schwarz inequality on the right hand side for these two terms
We can estimate the last term on the right by estimating the term in parenthesis and then take it outside the time integral
Therefore, the last term in (3.6) becomes
Therefore, (3.6) gives
Combining terms we have
Now we use Poincare' inequality ke x k P C p kek to show that jjje x jjj P C p jjjejjj for possibly different constant C p . We have
ð3:7Þ Note that we can choose i , i = 1,. . ., 4 so that the coefficient of the term on the left hand side of (3.7)
is a positive constant. Recall that
so using (3.7) we get
Since E is the interpolation error, from (2.6) we have
which yield
Using the triangle inequality we get
Therefore, fc i g we complete proof of theorem.
Numerical Solution
For the numerical solution of (2.7), (2.8) we let / 1 (x),. . .,/ N (x) be a basis for S h . 
Now we can evaluate r h (t) as follows r h ðtÞ ¼
The time integral can be approximated by the trapezoidal rule (0 = t 0 < t 1 < t 2 < Á Á Á < t n = t) as follows
where f p = 1/2 for p = 0, n and f p = 1 for p = 1,. . . , n À 1. Combining (4.8) and (4.7) with (4.5), we get If we take t = t n as in (4.8) and we denote u n = u(t n ) then substituting for K and _ K from (4.9) and (4.12), we get .00019404
